Parity nonconservation amplitudes are calculated for the 7s-6d 3 
I. INTRODUCTION
The parity nonconservation (PNC) amplitude of the 6s-7s transition in cesium is presently the most precise low-energy test of the electroweak theory. This precision is a result of highly accurate measurements [1] and the almost equally accurate atomic calculations used for their interpretation [2] [3] [4] [5] . This interpretation shows that the value of the weak nuclear charge for 133 Cs, coming from the PNC measurements, differs from the prediction of the standard model by 1.6σ [2, 6] . Although this cannot be regarded as disagreement, it indicates that further improvements to the accuracy of the measurements and interpretation may lead to new important results.
Additionally, the need for new measurements is motivated by the requirement to check the existing results. It is very important that an independent test of the existing experimental results [1] is performed. These are very important results and must be checked even if the accuracy is not improved. Moreover, there is a good chance for both theoretical and experimental improvement since the PNC amplitudes of these systems are up to 50 times larger than in Cs.
It is natural to expect a higher accuracy in measurements of systems where the PNC effect is larger. On the other hand, for high accuracy of the calculations it is important to have systems with a simple electron structure. The s-d transitions in the Fr-like ions considered in this paper seem to be very promising in this regard. The PNC amplitude is larger for atoms or ions with higher nuclear charge Z [7] . It is also larger for the s-d transitions [8] than for the s-s transitions like the one used in cesium [2] . The accuracy of these calculations is also expected to be high since the ions have simple electron structure with one valence electron above closed shells similar to that of cesium. * b.roberts@unsw.edu.au There are several additional factors which promise potentially better theoretical accuracy for these ions than for Cs:
• The main source of theoretical uncertainty is electron correlations. The relative value of the correlation correction is smaller for ions than for neutral atoms.
• There are no strong cancellations between different correlation corrections for s-d PNC amplitudes [8] in contrast to very strong cancellation for the 6s-7s PNC amplitude in Cs.
• The s-d PNC amplitude is strongly dominated by the term with the d-p electric dipole transition amplitude and s-p weak matrix element. This term can be checked and/or corrected if an accurate experimental value for the d-p amplitude is known. A similar approach in Cs works with limited accuracy due to strong cancellation between 6s-np and 7s-np contributions.
PNC measurements have been considered for the Ba + ion [9] and are in progress for the Ra + ion [10] . The FrPNC collaboration has begun the construction of a laser cooling and trapping apparatus with the purpose of measuring atomic parity nonconservation in microwave and optical transitions of francium [11] . With a PNC amplitude in the 7s-8s optical transition expected to be around 15 times larger than that of cesium, and its relatively simple electronic configuration, francium is a very good candidate atom for precision measurements and calculations of PNC [8, 12, 13] .
With the aim of motivating experiment in this important area, we present calculations of s-s and s-d PNC amplitudes for several Cs-and Fr-like ions. Simple estimates show that the size of the PNC effect should scale as E P N C ∼ Z 3 R(Zα) / Z a , where R is a relativistic factor, Z is nuclear charge and Z a is the effective charge defined as
2 atomic units [14] . Here, E n is the energy of valence electron, n the principal quantum maintains a 7s ground state, and has a very long lived 6d 3/2 state, which is highly beneficial for PNC measurements [9] .
227 Ac and the odd-nucleon isotope 229 Th (with a halflife of 7340 years) will also be of interest for measurements of nuclear-spin-dependent PNC in optical or hyperfine transitions, including the extraction of the nuclear anapole moment and the strength of the PNC nuclear forces (see, e.g. [16] ).
II. CALCULATIONS
The PNC amplitude of a transition between states a and b of the same parity can be expressed via the sum over opposite parity states n,
where a, b, and n are many-electron wave functions of the atom,d E1 is the electric dipole transition operator and
Q W ρ(r)γ 5 is the nuclear-spin-independent PNC interaction (G F the Fermi constant, Q W is the nuclear weak charge, ρ the nucleon density and the Dirac matrix
The exact expression (1) can be reduced to an approximate one which looks very similar but contains singleelectron matrix elements and energies. This serves as a base for the sum-over-states calculations. Many-body effects are included in this approach by modifying singleelectron orbitals and the external field operators. We use this approach for tests only. The actual calculations are done using a different approach based on solving differential equations. This approach has many important advantages which will be discussed below.
We start from the mean-field Dirac-Fock approximation with a V N −1 potential, which is particularly convenient for the single valence electron ions studied here, and then include dominating electron correlation effects. Core-valence correlation corrections to the valence electron wavefunction are included via the correlation potential method [17] . The correlation potential,Σ, including summation of the series of dominating diagrams, is calculated in all orders of perturbation theory using relativistic Green functions and the Feynman diagram technique [18] . The correlation potentialΣ is then used to construct the so-called Brueckner orbitals (BOs) for the valence electron. The BOs are found by solving the relativistic Hartree-Fock-like equations with the extra operatorΣ: (Ĥ 0 +Σ − E n )ψ (BO) n = 0, whereĤ 0 is the relativistic Hartree-Fock Hamiltonian and the index n denotes valence states. The BO ψ (BO) n and energy E n include correlations.
The weak and electric dipole interactions and the electron core polarization effects are included via the timedependent Hartree-Fock approximation [17, 18] , which is equivalent to the well-known random phase approximation (RPA). The single-electron wavefunction in an external weak and E1 field is expressed in the RPA method as ψ = ψ 0 + δψ + Xe −iωt + Y e iωt + δXe −iωt + δY e iωt , where ψ 0 is the unperturbed state, δψ is the correction due to weak interaction acting alone, X and Y are corrections due to the photon field acting alone, δX and δY are corrections due to both fields acting simultaneously, and ω is the frequency of the PNC transition. Where possible, ω should be taken from the experimental energy of the transition. The corrections are found by solving the system of RPA equations self-consistently for the core:
where the index c denotes core states, δV W and δV E1 are corrections to the core potential arising from the weak and E1 interactions respectively and δV E1W is the correction to the core potential arising from the simultaneous perturbation of the weak field and the electric field of the laser light. The PNC amplitude between valence states a and b in the RPA approximation is given by
By using BOs for the valence states ψ a and ψ b in (3) we can include correlations in the calculation of the PNC amplitude. The corrections δψ a and δψ b to the BOs ψ a and ψ b are also found with the use of the correlation potentialΣ: Note that the last term in (3) gives an important contribution that is usually not included in sum-over-states calculations. It represents the double core-polarization by simultaneous action of two external fields; the electric field of laser light and weak electron-nucleus interaction.
This term is negligible for the 6s-7s PNC transition in Cs by chance only, and is very different for other atoms and transitions. It is 2% for the 6s-5d PNC transition of Cs, 5% for the 7s-6d transition in Ra + and 40% for the 6p 1/2 -6p 3/2 transition in Tl. The last applies to the case when thallium is treated as a one-valence-electron system, so that the 6s electrons remain in the core. The reason why it is not usually included in sum-over-states calculations is that it cannot be represented as a product of single-electron matrix elements involving valence states. The problem of double core polarization will be considered in more detail elsewhere [21] . Note that the accuracy can be further improved by including the contributions of the so-called ladder diagrams [22] . We illustrate thsi using the La 2+ ion as an example. Table IV presents calculations of La 2+ ionisation energies including ladder diagrams. The experimental energies are reproduced to an extraordinary accuracy, even for the notoriously difficult d levels. A full inclusion of the ladder diagrams for all ions will be saved for a later work, and currently our method only allows inclusion of ladder diagrams in the energy levels but not PNC. Here we demonstrate that by including the ladder diagrams the accuracy is significantly improved, and that the accuracy in all of these ions is very good.
We also calculate several reduced E1 matrix elements that are of interest to PNC transitions, which are presented in Table V, and in Table VI we present calculations of several of the reduced matrix elements of the considered Fr-like actinide ions.
In francium, the 7s state is the ground state. However, in charged ions this is not necessarily the case. For the ions after actinium the 5f state is pushed below 7s, forming a new ground state (see Table II ). Also, after actinium the 6d 3/2 state is pushed below the 7s state. The ions after Np 6+ no longer have closed p-shells and are not considered here. A similar crossing of configurations also occurs in the cesium isoelectronic sequence; Cs and Ba + have 6s ground-states, La 2+ has 5d 3/2 , and Ce
3+
and Pr 4+ have 4f ground-states (see Tables I and IV) .
For a 7s-6d 3/2 interval to be a viable transition for the measurement of PNC, one of these states (7s or 6d 3/2 ) should be either the ground state or a metastable state that can first be populated and then the PNC transition observed.
Also, it was shown it the pivotal work of N Fortson [9] that to ensure accurate PNC measurements of a single trapped ion both the upper and lower levels of the transition should be long lived. In Table VII we present calculations of the lifetimes of the relevent levels for Ba + , La 2+ , Ra + , Ac 2+ and Th 3+ . We show that this condition is met in all of these ions except for Th 3+ , which has a long-lived upper level but a lower level that quickly Table II ) is highly suppressed due to the very small energy gap of this state, 801 cm −1 . This is very benefitial for the measurent of PNC in single-trapped ions [9] .
III. RESULTS AND DISCUSSION
The final calculations of the s-d and (near) optical s-s PNC amplitudes for the francium-like ions are presented in Table VIII with some previous calculations for comparison. The amplitudes calculated here include corepolarization (RPA) and all-order Brueckner correlations.
For comparison and completeness, these calculations were also performed for Cs, Ba + and the first few Cslike lanthanide ions. These much lighter ions have correspondingly smaller PNC amplitudes. The results are presented in Table IX . We have not presented a result for the 6s-7s transition in cesium since this has been investigated thoroughly in our recent work [2] .
The PNC amplitudes calculated here agree very well with previous determinations for Cs, Ba + , Fr and Ra + . For Ra + our result is within 1% of the result calculated in Ref. [8] using the same 'solving equations' method used here [23] . Our Ra + value is also, however, 4-5% smaller than the amplitudes calculated in that same work as well as in Ref. [24] , which used a different 'sum-over-states' approach. The difference is most likely due to the double core-polarization (last term of (3), discussed above), which we calculate to contribute −4.7% to this amplitude, and is not included in the sum-over-states calculations. Note that double core-polarization was also not included in our recent calculations for Ba + , Yb + , and Ra + [27] . This is because in that paper we were focused on the nuclear spin-dependent PNC amplitudes, where high accuracy of the analysis is less important.
The sd PNC transitions tend to have a single dominating term which contributes ∼ 90% to the total amplitude [8] . In Th 3+ , for example, this term with the 7s-7p 1/2 energy interval contributes approximately 96%. The energy interval for this term agrees with experiment to 0.3% (see Table III ). Based on comparison with experimental energies and previous calculations, we expect our amplitudes to be accurate to around 1%. This accuracy can be improved by including the Breit [28] , neutronskin [29] and QED [30] corrections, missed high-order correlations such as ladder diagrams [22] (see Table IV ) and structural radiation [18] , and with the use of experimental p-d E1 amplitudes. With these corrections the theoretical accuracy can be expected to surpass that of cesium.
The experimental accuracy can be expected to be high due to stable nuclei and large PNC signals. Additionally, in the case of Ac 2+ where both upper and lower levels are extremely long-lived, the experimental accuracy has the potential to be very high. In order to observe the 7s-6d 3/2 PNC transitions in the actinide ions with the 5f 5/2 ground states, the 7s state must first be populated. In these ions the 5d 3/2 state lies below the 7s state, however it is unstable as it will decay very quickly via an E1 transition to the 5f 5/2 ground state. Population of the 7s state can be achieved via optical excitation to the 7p 1/2 or 7p 3/2 levels by a series of E1 transitions (e.g. 5f -6d-7p) or an E2 transition, then 7p 1/2,3/2 will spontaneously decay to the 7s state via an E1 transition -see Fig. 1 .
For this method to be viable we need to meet several criteria. First, we need the 7s state to be metastable and have an appropriate lifetime. Second, we should also have that the pumping transition frequencies (to populate 7s) are in the range of laser spectroscopy. Also, it is necessary that the de-excitation from the p to s-level is relatively probable compared to transitions to other levels. If this last condition is not met it is possible to enforce it using stimulated emission, which should not be a problem since these transitions are optical. 0.23
V. CONCLUSION
We have provided calculations of parity nonconservation, energy levels, matrix elements and lifetimes of several Cs-like rare-earth and Fr-like actinide ions.
We demonstrate that these systems provide a very high theoretical accuracy. With the inclusion of other effects (such as Breit, QED, ladder operators etc.) this could lead to better precision in the calculations than has been achieved in cesium.
With very large PNC amplitudes, these ions can be expected also to have a very high accuracy in the measurements, with the added benefits of (near) 
